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Abstract
We present a type assignment system for the call-by-value lambda-calculus, such that typable terms reduce
to normal form in a number of steps which is elementary in the size of the term itself and in the rank
of the type derivation. Types are built through non-idempotent and non-associative intersection, and
the system is loosely inspired by elementary affine logic. The result is due to the fact that the lack of
associativity in intersection supplies a notion of stratification of the reduction, which recalls the similar
notion of stratification in light logics.
Keywords: Implicit computational complexity, type assignment systems, intersection types.

1

Introduction

The interest in a careful control of resource usage has been growing in the last
few decades, due to the finite amount of time and space available for computing.
Since classical complexity theory is based on a particular computational model, the
complexity measure is in a sense “given” from outside and cannot be formalised
easily; a way to overcome these problems is to employ formal methods, in order to
give a proper account of complexity classes and their properties, in a way which is
independent of any machine model: this allows to give an implicit characterisation
of complexity classes, through the design of systems where the complexity of programs is statically verified, beside their usual correctness criterions, and the impact
of various programming features (such as higher-order types, recursive definitions
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σ ∧ σ = σ (I)

σ ∧ τ = τ ∧ σ (C)

(σ ∧ τ ) ∧ ρ = σ ∧ (τ ∧ ρ) (A)

Fig. 1. Properties of intersection types.

or I/O operations) on complexity can be analysed.
The idea of using a (functional) programming approach to complexity theory was
first explored in [14] [17] [4], introducing the concept of stratification, i.e. the distribution of the computation over different strata. Later, a very interesting and fruitful
tool was found in various restrictions of linear logic [13] via the proofs-as-programs
correspondence induced by the Curry-Howard isomorphism; here programs are divided into strata by the modality !, and the complexity of the normalisation procedure depends on the depth of such strata. Moreover, by turning the logical system
into a type assignment system for λ-calculus, it is possible to analyse the duplication
and sharing of arguments in typed terms. Such direction is explored e.g. in DLAL
[3], whose types are a proper subset of formulae of LAL [1], and the system STA [12],
whose types are a proper subset of SLL [16] formulae.
A crucial point is the extensional completeness of such languages, i.e. the actual set
of programs that we are able to type. The languages described above suffer from
a common lack of expressivity, due to the constraints imposed by the underlying
logical system: indeed they are able to capture only a subset of all the algorithms
representing a function in the desired complexity class. Ideally, we would like to
type as many “allowed” programs as possible, so a possible approach would be to
enrich the features offered by the programming language (e.g. higher-order types,
polymorphism and the handling of exceptions). However, if one wants to maintain
pure λ-calculus as programming language, one possible approach is to enrich the
typing system in order to expand the class of typable terms: then a natural tool
can be found in intersection types [6].
The idea of intersection types stems from the observation that the conjunction can
be interpreted in a way unrelated to the Curry-Howard correspondence, so that
a term might be assigned many types at the same time. Historically, intersection
types have been considered modulo the three equations given in Figure 1. Indeed,
intersection types were born with the aim of studying qualitative properties of λterms, such as solvability, normalisation and strong normalisation. Lately, however,
the interest has shifted towards less standard formulations of intersection types enjoying various combinations of the three properties shown in Figure 1. In fact, by
removing some properties it is possible to reason also about quantitative properties
of terms, such as bounds on the number of normalisation steps or on the size of
the normal form with respect to the initial term or derivation. In particular, non
idempotent intersection types (see [7]) seem to be suited to this purpose, since they
retain a precise information about the number of copies of a term which will be
needed during reduction; see e.g.[15] [10] [5].
In this short paper we further this idea, by proposing a type assignment system
based on both linear logic (in theory) and intersection types (in practice), where
the quantitative properties of typed terms can be computed statically and, when
a suitable arithmetic is considered, allow the characterization of some interesting
complexity classes.
2

2

From logic to intersection based systems

Our starting points are SLL [16] and ELL [13], characterising respectively polynomial
and elementary time computation, where the number of steps of the normalisation
procedure is intrinsically bound. Such bound is based on the fact that proofs are
naturally stratified and the number of such strata (i.e. the depth) is invariant under reduction; indeed, during the normalisation procedure through cut-elimination,
some subproofs identified by the ! modality can be duplicated. Then a bound on
the size of the normalised proof can be statically computed from the initial proof,
and a bound on the time complexity of the normalisation procedure is computed
by examining the size of the proof after each cut-elimination step.
In particular, by considering a suitable notion of data having fixed depth, a characterisation of polynomial and elementary time has been obtained for SLL and ELL
respectively. Moreover, by decorating the previous logics through λ-calculus, some
interesting type assignment systems were obtained, for which the complexity properties of the logics are transferred to the typed terms: examples of such type systems
are STA [12] and ETAS [8], where the set of typable terms characterise polynomial
and elementary time, respectively.
Starting from STA, in [9] we used idempotent and non-associative intersection in order to design a typing systems for pure λ-calculus characterising FPTIME, but with
more expressive power that STA. Now our aim is to fix ETAS as a starting point
and try to apply the same reasoning, thus extending the typing system through
intersection in order to obtain a larger class of typable terms.

3

A characterisation of elementary time

Let us consider call-by-value λ-calculus, where the set Λ of terms coincide with that
of λ-calculus and values belong to the set Υ = Var ∪ {λx.M | M ∈ Λ}. The call-byvalue reduction → is the contextual closure of the rule (λx.M)N →v M[N/x], where
N ∈ Υ. The intuition behind this choice is the fact that ELL cannot be decorated in a
straightforward way with λ-calculus without losing the subject reduction property;
nonetheless, as in ETAS, restricting to call-by-value is enough to ensure that such
crucial property is satisfied.
Our aim is to extend ETAS through intersection, which is considered without idempotence and associativity, but modulo an equivalence relation preserving the stratification of types; in particular, non-idempotence supplies a bound on the size of type
derivations for values, while stratification corresponds to the depth of the derivation.
The grammar of types is the following:
A, B, C ::= a | σ → σ
σ, ρ

(linear types)

::= A | [σ1 , ..., σn ] (multiset types)

where, informally, two types are equivalent if their linear components occur in them
with the same depth, i.e., [[A], [B], C] ∼
= [[A, B], C], since A, B are at depth 2, while C is
at depth 1.
The rules of system M are given in Figure 2. Note that we consider two different
contexts Γ | ∆, the first hosting linear variables (occurring only once) and variables
3

Γ | ∆ ⊢ M : σ (⋆)
Γ, x : [A] | ∆ ⊢ M : σ
(w)
(Ax)
(→ IL )
x : [A] | ∅ ⊢ x : A
Γ ⊔ Γ′ | ∆ ⊔ ∆ ′ ⊢ M : σ
Γ | ∆ ⊢ λx.M : A → σ
Γ | ∆ ⊢ M : τ → σ Γ′ | ∆′ ⊢ N : τ (⋆)
Γ | ∆, x : τ ⊢ M : σ
(→ E)
(→ IM )
Γ | ∆ ⊢ λx.M : τ → σ
Γ ⊔ Γ′ | ∆ ⊔ ∆′ ⊢ MN : σ
Γi | ∆i ⊢ M : σi (1 ≤ i ≤ n) (•)
(m)
∅ | ⊔ni=1 Γi ⊔ni=1 [∆i ] ⊢ M : [σ1 , ..., σn ]
(⋆) (Γ ⊔ Γ′ )#(∆ ⊔ ∆′ )

(•) Γi #∆j for every i, j

Fig. 2. The system M.

in an intermediate state, while the second context contains variables occurring possibly more than once. Γ#∆ denotes that the sets of variables in Γ and ∆ are
disjoint. We denote by Π ⊲ Γ | ∆ ⊢ M : σ a derivation Π proving the statement
Γ | ∆ ⊢ M : σ, where M is the subject of the derivation and σ is its type.
The set of typable terms is a proper subset of the strongly normalising terms,
and moreover M has stronger typability power than ETAS, the latter being directly
derived from ELL; for example, the term (λx.xx)(λy.y) is typable in M but not in
ETAS, while (λx.xx)(λy.y)(λy.y) cannot be typed despite being a strongly normalising term.
It is possible to define some measures over derivations and their subject; the
depth and the size of a derivation are respectively the maximum nesting of applications of rule (m) and the number of applications of rule (Ax) in it, while the size
of the subject is the sum of its sizes at every depth of the derivation. The property
we enforce is that, whenever a derivation types a value with a multiset type, the
number of its linear components is bounded by the size of the derivation.
Observe that the shape of rule (m) is such that there might be many “virtual” copies
of the same redex, i.e. many premises of rule (m) whose subject is the considered
redex; we thus identify the depth of a redex as the minimum depth of all virtual
copies of that redex. It is easy to observe the following behaviour of system M,
mimicking ETAS:
Lemma 3.1 By performing a reduction at depth i, the size of the term
•

is unchanged at depths less than i;

•

decreases at depth i;

•

increases at depth greater than i, as a function of the size of the derivation at all
depths greater than i.
Let |Π| and |M| be the size of Π and M respectively; the main result is the following:

Theorem 3.2 (Soundness) Let Π ⊲ Γ | ∆ ⊢ M : σ; then there are elementary
functions f, g : N × N → N such that the length of reduction sequences starting from
M is at most f (|M|, |Π|) and the length of every reduct is at most g(|M|, |Π|).
The fundamental ingredients of the proof are Lemma 3.1 and the choice of a
depth-by-depth reduction strategy, as in [2].
A completeness result could also be achieved, by taking into consideration that
non-idempotent intersection causes data type to be typable only in a non-uniform
4

way; for example, the Church numeral n = λs.λz.sn z can be assigned the type
Nn = [a → a, ..., a → a] → [a → a], so that the size of the type depends on the
|
{z
}
n

size of the numeral itself. This problem could be tackled by using a non-uniform
arithmetic, possibly adjoining an explicit iterator, or by enriching the types by a
suitable form of universal quantification; for example, in the former case we would
have a successor term λx.λs.(λy.λz.y(sz))(xs) of type Nn ⊸ Nn+1 , for every n ≥ 0.
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